Let G be a finite group and V, V finite dimensional real orthogonal representations of G. Then V is said to be topologically similar to V (V ∼ t V ) if there exists a homeomorphism h : V → V which is G-equivariant. If V, V are topologically similar, but not linearly isomorphic, then such a homeomorphism is called a nonlinear similarity.
either trivially on W , or freely away from 0 ∈ W , for every irreducible C-submodule W ⊂ Res C V . Then V ∼ t V if and only if V ∼ = V .
All previously contructed topological similarities of cyclic groups G contain the non-trivial 1-dimensional representation (i.e. the representation with isotropy group H ⊂ G of index 2), or are induced from such examples.
For example, suppose that G = Z/4q, q = 2 r−2 , r ≥ 4. Now let V 1 = t i + t j , with i ≡ 1 mod 4 and j ≡ ±i mod 8, and V 2 = t i+2q + t j+2q where t denotes a faithful 2-dimensional representation of G. Let (resp. δ) denote the 1-dimensional trivial (resp. non-trivial) representation of G. Then t i + t j + δ + ∼ t t i+2q + t j+2q + δ + by [4, Thm. 1, Cor. (iii)]. But Res H V 1 ∼ = Res H V 2 for every proper subgroup H G, so our result says that V 1 ⊕ W is not topologically similar to V 2 ⊕ W unless δ is a summand of W . More generally, Corollary C. Suppose that V 1 ⊕ W ∼ t V 2 ⊕ W is a non-linear similarity for a cyclic group G. Then for some subgroup H ⊆ G, Res H (V 1 ⊕ W ) ∼ t Res H (V 2 ⊕ W ) is also a non-linear similarity and the non-trivial 1-dimensional H-representation is a summand of Res H W .
Our techniques also give information about the existence and classification of nonlinear similarities. We recently noticed that [4, Thm 1(i)] is incorrect as stated. For example for G = Z/12, there are no 6-dimensional non-linear similarities. The problem is that the natural epimorphism π : Z/4q → Z/2 r where q = 2 r−2 s, s odd, does not induce an isomorphism π * :
as claimed in [4, p. 732 l. -8] . These topics will be discussed elsewhere [8] .
Preliminaries
Suppose that V ∼ t V with Res H V ∼ = Res H V for each proper subgroup H G, and that V H = V G whenever [G : H] = 2. The result for free representations was proved in [11] or [1, 8.1] , and we assume by induction that Theorem A is proved for all groups of smaller order than G. Therefore, we may further assume (1.1): that V, V are topologically similar G-representations whose restrictions to every H-fixed set are linearly equivalent as G/H-representations, for each non-trivial subgroup 1 = H ⊂ G (1.2): that V, V are neither free nor quotient G-representations, i.e. for each g ∈ G there exists v ∈ V such that gv = v, and there exists 0 = v ∈ V such that gv = v for some 1 = g ∈ G.
Lemma 1.3. If V ∼ t V satisfies the conditions above, then V = V 1 ⊕ W and V = V 2 ⊕ W , where V 1 , V 2 are free G-representations and W = {0} has no free summands.
Proof. For each subgroup K ⊆ G, let V (K) denote the direct sum of all irreducible subrepresentations of V with kernel K. The G-subspaces V (K) are preserved by G-linear isomorphisms. We let W be the direct sum of all the V (K) for K = 1. From (1.2) it follows that V H = {0} for some subgroup 1 = H ⊂ G so W = {0}.
H as G-representations for each H = 1. Then for the fixed sets we have
This gives
Therefore V (K) ∼ = V (K) for each subgroup K = 1 and we can decompose V = V 2 ⊕ W with V 2 a free representation.
Bounded Embedding Theorems
For the reader's convenience we will include some material from [8] . First we will need a bounded version of results due to Browder and Wall on smoothing Poincaré embeddings in codimension ≥ 3. Statements for compact smooth or PL manifolds are given in [20, 11.3] , and the extension to topological manifolds is sketched on [20, p.245] . The published reference to Rourke and Sanderson's theorem, that the stabilization map F r / T op r → F/T op is a homotopy equivalence for r ≥ 3 is [19, Thm 2, 4] . Here F r denotes the space of homotopy self-equivalences of the (r − 1)-sphere, and F = lim → F r . To state a bounded version, we need to define a finite bounded Poincaré embedding. Let X be a metric space on which a finite group G acts by (quasi)isometries. Let Y ⊂ X be a closed G-invariant subspace, and let M m → Y , V m+q → X be finite free bounded G-CW Poincaré complexes [5, Def 2.7] . Then a finite bounded Poincaré embedding of M in V consists of (i) a (q − 1)-spherical G-fibration ξ, with projection p : E → M , (ii) a finite free bounded G-CW Poincaré pair (C, E) → (X, Y ), and (iii) a bounded G-homotopy equivalence h : C ∪ M (p) → V , bounded over X, where M (p) is the mapping cylinder of p and C ∩ M (p) = E. Such a Poincaré embedding is "induced" by a locally flat topological embedding if the normal block bundle and complement to the embedding give data which are G-h-cobordant to those of the given Poincaré embedding. Proof. The proof given in [20, §11] generalizes using bounded surgery [6] , and there is a relative version as given on [20, p.119 ] when m + q ≥ 6.
Next we need a "completion" theorem for bounded embeddings (compare [6, §16] . We will be interested in comparing the local properties of this completion, when Z is replaced by a manifold Z , bounded homotopy equivalent to Z over O(K). The main ingredient is the following Lemma 2.2. Let X ⊂ S n be a finite simplicial subcomplex, where n ≥ 5. Then the bounded structure set S
has only one element.
Proof. Let DX denote the Spanier-Whitehead dual of X in S n . We use the bounded surgery exact sequence [6] 
k for some k < n, k = n − 2 then crossing with R induces an isomorphism on the simply-connected L-groups and at the normal space level. For k = n − 2 it is enough (for our later applications) to assume that the embedding of X = S n−2 in S n is unknotted. Then the effective fundamental group is π 1 (S n − X) = Z so the term behind the structure set is
this assembly map is an isomorphism and we are done. For the general case, we write X = Y ∪ D k and assume that the result is true for Y . We compare the assembly maps for Y to X, where the third term involves "germs away from Y ", and reduces to the case of S k handled above [9, 3.11] . Indeed, on structure sets we have the bijections:
where the last step follows by an Eilenberg swindle, showing that L i (C O( * ) (Z)) = 0 for all i ≥ 0. We now consider the commutative diagram
The Y -assembly map is an isomorphism by induction, and the assembly map "away from Y " is an isomorphism by the preliminary case above. A similar result holds for the map [Σ(DX), F/T op] → L n+1 (C O(X) (Z)) and so the structure set is trivial.
When (Z, ∂Z) is a topological manifold with boundary, we can also consider a relative (K, L) completion in which p :
of pairs by taking the identity on K and L.
Definition 2.3. The completed mapF :Ẑ K →Ẑ K is homotopic to a local homeomorphism (relative to L) near K, extending the identity on K, if there exists a neighbourhood U ⊂Ẑ K of x ∈ K such that F restricted to F −1(U − U ∩ K) is boundedly homotopic over O(K) to a homeomorphism. When x ∈ L we further require that ∂F be a local homeomorphism near L, and that ∂F be fixed under the bounded homotopy.
In our applications there is a free G-action on Z, Z , and a G-action on K so that and p : Z → O(K) is G-equivariant. If F is a bounded G-homotopy equivalence so that Z is a finite free bounded G-CW complex thenF is a G-homotopy equivalence extending the identity on the G-invariant subset K of both domain and range.
Theorem 2.4. Let F : Z → Z be a bounded homotopy equivalence of (open) topological (m+q)-manifolds, bounded over the open cone O(K), where K is a finite complex of dimension m. Suppose that the K-completionẐ K is a topological (m+q)-manifold with m + q ≥ 5 . Then the K-completionẐ K is also a topological (m + q)-manifold. Moreover,F is homotopy equivalent to a local homeomorphism near K extending the identity on K.
This result also has a relative version. 
is a topological (m+q)-manifold with boundary and m+q ≥ 6. If ∂F is a local homeomorphism near L extending the identity on L, thenF is homotopy equivalent to a local homeomorphism (relative to L) near K, extending the identity on K.
Proof. We will prove the first result and leave the relative version to the reader. Let
the result follows from the computation of the local structure sets in Lemma 2.2.
Bounded surgery
In this section, the existence of a non-linear similarity V 1 ⊕ W ∼ t V 2 ⊕ W will be related to the kernel of a bounded transfer map introduced in [9, §3]. For background on bounded surgery we refer to [6] .
We begin with an observation from [10,
is the identity. One easy consequence (see [1] ) is Lemma 3.1. There exists a G-homotopy equivalence S(V 2 ) → S(V 1 ).
Proof. If we 1-point compactify h we obtain a G-homeomorphism
After an isotopy, the image of the free G-sphere S(V 1 ) may be assumed to lie in the complement S(V 2 ⊕W ⊕R)−S(W ⊕R) of S(W ⊕R) which is G-homotopy equivalent to S(V 2 ).
Let f : S(V 2 )/G → S(V 1 )/G denote the induced homotopy equivalence of the quotient lens spaces. Since for dim S(V i ) = 1 it is clear that G-homotopy equivalence implies
and the identity on S(V 1 ⊕ W ), which is a product on all the singular strata S(W H ) for H = 1.
Proof. This uses a special case of [4, 1.1]. After radial re-scaling, we may assume that
to the identity. Since h was the identity on all singular strata, it is not hard to check that g and f * 1 are isovariantly G-homotopy equivalent, so we may assume that g = f * 1. Moreover, the cobordismZ is a product S(W H ) × I along the H-fixed sets for all H = 1 and a bounded free G-h-cobordism on the complement. 
Proof. If the whole sphere S(W ) is singular (i.e. contains no free orbits), then the vanishing of the bounded transfer trf W ([f ]) follows immediately from Lemma 3.2 by removing S(W ) × I from domain and range of the G-h-cobordism. This implies for example that in the present argument we may assume dim W ≥ 2, and so dim(V i ⊕ W ) ≥ 6, since dim W = 1 implies that W = R. Later we will see in Corollary 3.5 that trf R ([f ]) = 0 and so non-linear similarities do not occur for dim(
In general the problem is that the given G-h-cobordism may not restrict to a G-hcobordism of S(W ) × I. Let
be the G-homotopy equivalence of triads given by (3.2) such thatF
In addition, we can assume that for each 1 = H ⊂ Ḡ
is a homeomorphism whose restriction to S(W ) H × ∂I is the identity. Let
denote the singular set of S(V 1 ⊕ W ), and
denote the complementary free stratum. The restriction ofF to this open submanifold gives
which is a free bounded G-h-cobordism, bounded over the open cone O(X × I).
Since dim V i ≥ 4 we can regard the bounded G-homotopy equivalence F as a bounded codim ≥ 3 Poincaré embedding of (S(W )−X)×I in U , relative to the given embedding on ∂ ± U . By Theorem 2.1, there exists a free topological G-embedding inducing the given Poincaré embedding, and extending the embeddings already fixed on ∂ ± U .
By homotopy extension, we can assume that F restricted to this embedding of (S(W ) − X) × I ⊂ U is a bounded G-h-cobordism, relative to the identity on ∂ ± U , and F is a bounded G-homotopy equivalence over O(X × I). Now we apply the "completion" construction of Section 2 to adjoin X × I to both domain and range. By Theorem 2.5 the result is a (new) compact G-h-cobordism By comparing the ordinary and bounded surgery exact sequences [9, 3.16] , and noting that the bounded transfer induces the identity on the normal invariant term, we can assume that f has normal invariant zero. Therefore, under the natural map
where n = dim V 1 , the element [f ] is the image of σ(f ) ∈ L h n (ZG), obtained as the surgery obstruction (relative to the boundary) of a normal cobordism from f to the identity. The element σ(f ) is well-defined inL Proof. Since G is cyclic and V 1 is a free representation, the quotient X = S(V 1 )/G is a classical lens space of odd dimension n − 1. An element in the surgery obstruction groupL h 2k (ZG) is determined by its discriminant D and multi-signature σ: the odd order case is [20, 13A.5] and the even order case is similar, based on the fact that L s 2k (ZG) is torsion-free. If X, X differ by a normal cobordism, then [20, 14E.8] gives the relations ∆(X ) = D∆(X) and ρ(X ) = σ+ρ(X), where ∆(X) is the Reidemeister torsion ρ(X) is the ρ-invariant [20, 14E.7] . Both ∆ and ρ are multiplicative on joins.
If σ(f ) ∈L h n (ZG) were a torsion element, then the relations above would show that a suitable join of copies of X = S(V 1 )/G is h-cobordant to the corresponding join of copies of X = S(V 2 )/G. But this would imply that V 1 ⊕ · · · ⊕ V 1 ∼ t V 2 ⊕ · · · ⊕ V 2 and since these are free representations, that
) which is a torsion group.
The transfer map
We will now study the transfer map trf W in (3.3). Since localizing or completing at p 2|G| gives an injection on the free part (see [20, §13A] ):
, and we intend to show that trf W (σ(f )) = 0 is a p-local injection for all G-representations W , we will lose no information about elements of infinite order by p-localizing all our L-groups. This will be assumed from now on, without changing notation.
Following [7, §6] , [14, §11b] , (see also [9, §4] for previous applications in bounded topology) we denote the top component of our bounded surgery obstruction group by 
To begin the proof, we will assume that W = ⊕W i is a direct sum of irreducible 2-dimensional quotient representations. Each W i has kernel H i = 1 which is a proper subgroup of G.
If W = W 1 ⊕ W 2 there is another inclusion map,
Proof. The subspace inclusion sits in the exact sequence given in [9, 3.12] , and the result is a special case of [9, 4.5].
Proof. This is just the special case W 1 = {0} and [9, 3.10].
We can now reduce to the case where W is irreducible.
Lemma 4.4. Suppose that W satisfies the assumptions above, and
on the top component for any n, then so does trf W .
Proof. First note that
The first map is a monomorphism on the top component by assumption, and the second can be studied by the commutative diagram
The horizontal maps are transfers trf W 2 , and the vertical maps are induced by subspace inclusions. Since the subspace inclusions induce isomorphisms on the top component and the upper horizontal map is a monomorphism by assumption, we are done.
We now assume that W is an irreducible 2-dimensional G-represention, with kernel
gives a circle bundle with fibre S(W ) = S 1 .
Proof. By pulling-back the circle bundle to the covering S(V 1 )/H → S(V 1 )/G we obtain a commutative diagram (4.6)
where the upper row is split exact. The result follows by the classification of extensions since Ext 1 (G, Z) = H 2 (G, Z) ∼ = Z/m and the distinct elements are given by the extensions
where m = dk. This extension is the unique one which splits when restricted to
In order to compute trf W we will use the following diagram
To construct this diagram we combine maps from three other surgery sequences with those for our bounded surgery groups.
(4.8):
The first is just the exact sequence of the pair Γ H → G, corresponding geometrically to the inclusion of the circle bundle defined above into the total space of its disk bundle S(
(4.9): The second sequence arises from the theory of codimension two embeddings in [20, 11.6] :
where the obstruction groups were identified algebraically in [16, 7.8.12] as the L-
, β, u) with respect to a "twisted" anti-structure (β, u) for the ring Z[Z×H]. In our situation, β(γ) = γ −1 for all γ ∈ Γ H and u = i * (1) where i * : Z → Γ H is induced by the inclusion i : S(W ) → S(V 1 ) × G S(W ) of the fibre. More explicitly, choose generators a ∈ G, b = a k ∈ H and t ∈ Γ H generating the infinite cyclic factor of Γ H = Z × H in the exact sequence (4.6). Then
m) where the components for ZΓ H are given by the preimages of proper subgroups of G under the projection Γ H → G. There are two cases, depending on whether k = [G : H] is even or odd. Note that we only need to discuss the case n even, since the p-localization of the odd L-groups of ZG is zero.
First suppose that k = 2l is even. Then by "scaling" the anti-structure we can assume that the unit u = b and by [17, §16] there is a natural direct sum splitting
Since n is even, it is enough to compute the map induced by the inclusion 
2 ) which is scale equivalent to the ordinary induction map (whose image has zero projection into the top component).
Next suppose that k is odd. Since H is a proper subgroup of G, with quotient
, β, tb) so the induced anti-structures are the same on both Γ H and this proper subgroup Γ H . But since k is prime to p, the Mackey double coset formula shows that the induced restriction map on L-groups is a p-local injection. But since the L-groups are isomorphic and finitely generated by 4.9, and the inclusion map integrally has at most 2-primary torsion in its cokernel, we conclude that
and p * is an isomorphism on the top component (compare [20, p.252 ] for a direct calculation in a special case). (K) where K is a locally finite CW complex. We will apply this to K = S(V 1 ) × G W and use the Maumary exact sequence [15, 7. 
. is a sequence of neighbourhoods of infinity in K so that each K i is cocompact and ∩ ∞ i=1 K i = ∅. In our case K i can be taken to be the product S(V 1 ) × G {w ∈ W | w ≥ i} so the fundamental groups are all isomorphic to Γ H .
There are several natural maps relating the groups just introduced. We will need the following ones. 
(4.13): There is a "cone point" inclusion
. This map appears already in the Maumary exact sequence above.
Lemma 4.14. The "cone point" inclusion in ( 4.13) equals the composite
(4.15): There is a "forget some control" map 
where c * is the "cone point" inclusion from 4.3. 
The maps r * and q * induce an isomorphism on the top component, and the map p * induces a monomorphism on the top component. Hence trf W is monic on the top component.
Proof. The commutativity of the diagram is easy to verify from the definitions of the maps given above. We will complete the proof below by checking the isomorphisms for q * , r * and the monomorphism for p * , implying the result for trf W .
For p * we apply the top component idempotent to the exact sequence in (4.9). The idempotent comes from the family of proper subgroups of G, which gives by pull-back under the projection Γ H → G, a family of proper subgroups of Γ H . Now the results of [14, §11b] produce a long exact sequence on the top components. But since k is prime to p and [G : H] = 2, Lemma 4.10 shows that p * is monic on the top component.
For q * we will use the Maumary exact sequence from 4.11 In our situation
and a similar argument shows that the top component of this group is zero. Therefore the map c * in (4.13) is an isomorphism on the top component. Now by Corollary 4.3 and Lemma 4.16 the map q * is also an isomorphism on the top component. For r * we use Lemma 4.14 to see that r * = c * • j * where c * is the "cone point" inclusion from (4.13), which we have already checked is an isomorphism on the top component. But j * sits in the exact sequence of 4.8 with the third term being L h n (ZΓ H ). Once again, this L-group is zero in the top component and so both j * and finally r * induce top component isomorphisms.
We now complete the proof of Theorem 4.1 by considering the bounded transfer map for representations which contain trivial subrepresentations (i.e. summands R k on which G acts trivially). In this case we again prove that trf induces a p-local monomorphism for p 2|G|. Proof. By Lemma 3.4 the element σ(f ) has infinite order. We can write any Grepresentation as a direct sum of irreducible 2-dimensional and trivial subrepresentations. By 4.2 and (4.17) the bounded transfer for the sum of the 2-dimensional factors is a p-local monomorphism on the top component., and the further transfer by a trivial representation R k is a p-local monomorphism by (4). is not an integral monomorphism in general for G cyclic. If we had only odd index isotropy groups in our irreducible 2-dimensional representations W , then trf W would induce an isomorphism on the 2-local top components.
